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Abstract:

Atanassov’s intuitionistic fuzzy sets encode a hesitation degree,
7 =1 — - v, that quantifies how much evidence remains un-
committed in a decision. Despite its theoretical appeal, 7 has seen
little use in applied settings, particularly in explainable Al. We
test the idea head-on: an intuitionistic fuzzy classifier and a Type-
1 counterpart are paired on the Pima Indians Diabetes data. Rule
base, sigmoid membership functions, and cross-validation splits
are all shared. Only z differs. A Mann-Whitney U test shows that
misclassified cases carry markedly higher hesitation (p < 10785,
rank-biserial r = 0.43). The two systems, by construction, classify
every one of the 3 840 test instances identically, yet the IFS variant
cuts SHAP infidelity by roughly a fifth (20.5 %) and LIME infi-
delity by a comparable margin (21.3 %). Because the class labels
never change, the entire improvement lives in explanation qual-
ity. Taken together, the findings point to z as a low-cost reliability
flag for clinical decision support: it signals when an explanation
deserves closer inspection.

Keywords:
Intuitionistic fuzzy sets; Hesitation degree; Explainable Al;
SHAP; Infidelity

1. Introduction

Clinicians increasingly rely on machine-learning classi-
fiers for decision support, yet many remain sceptical, largely
because the models offer no window into their reasoning.
SHAP [1] and LIME [2] attempt to fill that gap by attribut-
ing each prediction to individual input features, something a
clinician can actually examine. These attributions, though, turn
out to be fragile themselves. Swap the random seed or redraw
the perturbation sample and the feature rankings may rearrange
considerably [3, 4]. An explanation that cannot be reproduced
has little practical value in a clinical setting.

Fuzzy inference systems address this issue through a differ-
ent approach. They encode knowledge in the form of linguistic
rules that clinicians can read directly [5]. In standard Type-
1 fuzzy sets, assigning a single membership value in [0, 1] to
each input is functional up to a point. However, this formula-
tion cannot distinguish between definite belonging and a com-
plete lack of information about the input. Intuitionistic fuzzy
sets (IFS), introduced by Atanassov (1986), separate these two
situations [6]. In IFS, each element is assigned both a member-
ship degree prand a non-membership degree v, subject to the
constraint i+ v < 1. The remaining portion,z =1 - - v, is
called the hesitation degree and serves as a direct indicator of
how insufficient the available evidence is. A high z value indi-
cates that the available data do not support a reliable decision
in either direction.

Within this framework, the main research question of the
present study is as follows. Does retaining = during the in-
ference process improve the fidelity of post-hoc explanations?
The intuitive expectation is straightforward. In regions where
the model is uncertain, the decision surface is flatter. The
SHAP method proposed by Lundberg and Lee (2017) approx-
imates this surface with a local linear model [1]. On a flatter
surface, the linear approximation error is naturally smaller. If
7 captures exactly these uncertain regions, it has the potential
to provide a reliability signal without any additional computa-
tional cost.

IFS-based classifiers have been applied in several areas of
the literature. Ha’jek and Olej (2015) used them in credit
scoring [7], Atanassov et al. (2023) in deep learning architec-
tures [8], Hajek et al. (2021) in time-series forecasting [9], and
Koc ak et al. (2023) in rule-based explainability [10]. The study
most closely related to ours is that of Wang et al. (2023) [11],
who developed an interpretable IFS stock-prediction model that
ranks features by perturbing z. However, that ranking bypasses
the Shapley framework entirely and therefore gives up its ax-
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iomatic guarantees. On the SHAP side, Watson et al. (2023)
extended Shapley values to predictive uncertainty through
information-theoretic characteristic functions [12]. Their for-
mulation, however, does not establish any connection with IFS.
The present study aims to fill the gap between these two lines
of research.

Two hypotheses guide the study. Both are tested under con-
trolled conditions on the Pima Indians Diabetes dataset.
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correctly classified ones. This finding indicates that the hesita-
tion degree functions as a reliability signal.

2 (Explanation fidelit rovement). Holdin ever other
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SHAP and LIME infidelity than its Type-1 counterpart. This
improvement is traceable solely to z.

This study makes two contributions. First, it demonstrates
empirically that the hesitation degree improves explanation fi-
delity. Second, it establishes this effect within a strict ceteris

paribus design, eliminating the possibility that the observed im-
provement originates from any source other than z.

2. Background

2.1. Intuitionistic fuzzy sets

Formally, an intuitionistic fuzzy set A over a universe X is
written

A = {(X, pu(x), va(x)) | x € X}, @)
Here pu(x) is the membership degree and va(x) the non-

membership degree, subject to pu(x) + va(x) < 1 for every
X € X. The leftover margin is the hesitation degree:

@

When 7 = 0 everywhere, the IFS collapses to an ordinary fuzzy
set. Any strictly positive z, however small, encodes a shade of
indeterminacy that Type-1 logic has no room for.

Two IFS A and B intersect and unite under min/max as

wa(X) = 1 — pu(x) — va(x).

AN B = (min(pu, pe), max(va, vs)), ®)
A U B = (max(pu, B), min(va, vs)). 4
The result that follows from (3) is that zans(X) = ma(X)

whenever ve(x) > wva(x). That is, when antecedents are
stacked, the indeterminacy can increase rather than decrease.
No such behaviour exists in classical fuzzy logic.

2.2.  Mamdani-type intuitionistic fuzzy inference
In a Mamdani-type IFS engine, knowledge is stored in rule
form. Rule R« is written as

Ri:IFX;isAx; AND ... AND xn is A, THENyis By,
()

where A}; = (M, vij) are intuitionistic fuzzy sets on each
input x;. Rule k fires with strength

IS " v n
Wi = Min Lei(X), Wi = max vii(x)).
j=1 j=1
What remains after membership and non-membership have
been accounted for, zx = 1 — wg — wv, is the rule-level hesi-

tation. Centroid defuzzification blends all K rules into a crisp
output:

(6)

LK e - w) - o
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k= (W~ WR)

where cx is the centroid of consequent Bx. The Type-1 variant
sets vij = 1 — i, forcing 7z« = 0 and collapsing (7) to the
standard Mamdani centroid. When hesitation is allowed to be
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uncertain evidence. We suspect this built-in dampening is what
connects IFS to better explanation fidelity, and Section 4 tests
that suspicion directly.

2.3. SHAP and infidelity

SHAP assigns every feature i a value ¢: reflecting its
marginal contribution to the prediction. Given a model f over
feature set N = {1,...,n}and a coalition S €N \ {i}:

XX ISt (n—]S| -1 .
i = " [v(S U {i}) - v(S)],

SCN¥{i}

®

where v(S) = E[f(X) | xs]. KernelSHAP [1] turns (8) into a
weighted least-squares problem:

>< X Fe

arg min shar(Z) ,  gizi , 9)
2ve f(h(2)) - o =1
z

where 7' € {0, 1}" indicates active features, hx(Z’) maps
coalitions to feature space, and 7Z'SHAP(ZI) is the Shapley

keﬁ'Hg Id\évgerlgeh{o which an explanation faithfully tracks the ac-
tual behaviour of the model is a separate question. Yeh et
al. [13] formalised this question with the infidelity metric:

INFD(¢, f, x) = Ec ("¢ — (F(x) — f(x — e)))2] . (10)



where e is a random perturbation. A low infidelity score means
the linear approximation in ¢ tracks the model’s true sensitivity
closely. This is precisely the quantity we aim to measure.

3. Methodology

3.1. Ceteris paribus design

In this experiment, the fact that the two classifiers produce
identical predictions was achieved by design and is the ex-
pected output. If everything other than = is held constant,
any observed difference in explanation quality can only be at-
tributed to z. Both systems were built from the same compo-
nents. On each cross-validation fold, a shallow decision tree
with depth four and minimum leaf size ten is trained. Every
root-to-leaf path in this tree is converted into a fuzzy IF-THEN
rule. The crisp split points are then softened with sigmoid func-
tions: for the condition x; < 6, the membership value is com-
puted as X)) = o(k- (0 — X;)). The parameter k controls
how sharp the transition is. The steepness value, the rule struc-
ture, the data partitioning, and the random seeds are all shared
between the two systems. The only difference between them is
whether 7z is retained.

On the IFS side, each condition additionally produces a non-
membership degree v(X;) = o(k - (Xj — 6)), and the constraint
K+ v < 1is satisfied by construction. Instance-level hesitation
is computed from two components. The first is a conflict term,
which measures how evenly the firing strengths are distributed
across classes. The second is an ignorance term, which decays
exponentially as the total amount of evidence increases. The
relative contribution of these two components is controlled by
A= and p=. Class probability is derived from the Chen—Tan
score function S = but — Vour, Widely used in Atanassov
set theory, and then rescaled to [0, 1]. In the Type-1 system,
class probability is determined by the firing-strength-weighted
average of consequent values. It can be shown algebraically
that the outputs of the two systems coincide exactly when 7 =
0.

The comparison rests on a single algebraic property. Class 1
is assigned whenever the positive evidence w. exceeds the
negative evidence ws. The factor (1 — z) in the IFS score is
always strictly positive. Because this factor cancels in the sign
comparison, the two classifiers are necessarily forced to pro-
duce the same class label for every input. This agreement is not
merely an empirical observation; it is a mathematically prov-
able property. All differences between the two systems there-
fore emerge not in the class labels, but in the probability values.
These probability values are precisely what SHAP and LIME
interrogate.

3.2. Data and preprocessing

The Pima Indians Diabetes dataset created by Smith et al.
(1988) was used in this study [14]. The dataset contains 768
instances, eight physiological measurements, and a binary la-
bel indicating diabetes onset within five years. To prevent data
leakage, all preprocessing steps were carried out separately
within each cross-validation fold. Glucose, blood pressure,
skin thickness, insulin, and body mass index include zero en-
tries that are physiologically impossible. These entries were
treated as missing values and imputed with the median com-
puted from the training subset of the corresponding fold. The
seven features with the highest information content were se-
lected using mutual information, after which min—max scaling
to [0, 1] was applied using training data only. There is a specific
reason for choosing the Pima dataset. Its baseline accuracy of
approximately 76 % produces a sufficient number of misclassi-
fications for testing H1.

3.3. Evaluation protocol

Repeated stratified five-fold cross-validation was applied five
times, yielding 25 folds and a total of 3 840 test evaluations.
Before the main experiment, a grid search was conducted over
four IFS-specific parameters (k, 6, A=, B~). The optimisa-
tion criterion was the expected AURC under the product con-
fidence strategy. The best-performing parameter combination
was k = 20,0 = 0, 2= = 0.2, and = = 2.0. All four pa-
rameters concern only the hesitation mechanism. The Type-
1 system inherits the optimised k value, but because it has no
hesitation-related parameter, the ceteris paribus condition holds
automatically.

For H1, the = values corresponding to correct and incorrect
predictions were compared using the Mann—Whitney U test,
and effect size was quantified by the rank-biserial correlation.
H2 required stricter experimental control. Both systems de-
rived their SHAP and LIME explanations from a shared full-
data model. The training set, the 100 k-means background cen-
troids, the perturbation count, and the random seed were kept
identical across both systems. Infidelity was computed instance
by instance according to equation (10) proposed by Yeh et al.
(2019) [13]. For each instance, 50 perturbation draws were
used with a noise radius of 0.15.

Given an input x, instance-level hesitation is computed as the
weighted average of the rule-level values:

Lx we - 7tk(X)

77:_(X) - kEl k ,
k=1 Wk

(11)
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FIGURE 1. Mean hesitation degree (,r) for correctly classified and mis-
classified instances across all 25 test folds. Brackets: Mann—Whitney U
p-value and rank-biserial 7.

where zk(X) = l—WP’ISX)—WV(Xk) denotes the hesitation value

of the kth rule. The use of w; as the weight prevents rules with

low firing strength from exerting a disproportionate influence
on the overall estimate.

4, Results

4.1. Hesitation degree as a reliability signal

In this subsection, we examine whether the hesitation degree
is associated with classification outcome. To this end, the hesi-
tation levels of correctly and incorrectly classified instances are
compared, and H1 is evaluated within this framework.

Figure 1 visually summarises the H1 results. The mean hes-
itation value of the misclassified instances was = = 0.178,
whereas the corresponding value for the correctly classified in-
stances was = = 0.139. Table 1 presents the detailed distribu-
tional breakdown.

TABLE 1. Hesitation degree () by classification outcome.

Correct  Misclassified Statistic
Mean st 0.139 0.178 U =1.93x10°
-85
Effectsize %%R§biserialr€)=3f').43 p <10

A Mann-Whitney U test rejected the null hypothesis at
p < 10785 (rank-biserial r = 0.43). This result means that,
in a randomly selected correct—incorrect pair, the probability
that the misclassified instance carries a higher z value is ap-
proximately 70 %. Although the absolute difference between
the means appears small at 0.039, this difference was observed

consistently across all 25 folds without exception. The Spear-
man correlation between x and the binary error indicator was
p = 0.316 (p < 10789), confirming the monotonic associa-
tion. The practical implication is that a prediction with a high
7 value may be used as an early warning indicator of unrelia-
bility even before any explanation is computed. For example,
predictions whose z value exceeds a predetermined threshold
may be automatically flagged for the clinician.

4.2. Explanation fidelity gains under identical predic-
tions

In this subsection, we investigate whether two systems that
yield identical class decisions nevertheless differ in terms of
explanation fidelity. In this way, the analysis isolates whether
the observed differences arise from the hesitation mechanism
itself rather than from any change in predictive decisions.

Table 2 presents the main finding of the study. As shown
in Section 3.1, the sign comparison that determines the class
decision is independent of z. Consistent with this mathematical
derivation, the two systems produced the same class label for
all 3 840 test instances. Nevertheless, the IFS variant reduced
SHAP infidelity by 20.5 % and LIME infidelity by 21.3 %.

TABLE 2. Explanation fidelity when only s differs; prediction agreement
is perfect across 3 840 instances.

Metric IFS Type-1 A

SHAP infidelity | 0.075 0094 -20.5%
LIME infidelity | 0.074 0094 -21.3%
Jaccard stability 1 0.731 0.717 +2.0 %
SHAP sensitivity | 0.397 0.457 -13.1%

Classification agreement: 3 84073840 (100 %)

This improvement does not arise from different predictions.
The predictions are exactly identical. The only element that dif-
fers is how faithfully these predictions are explained by SHAP
and LIME. The source of the observed improvement is .
The mechanism can be explained through equation (7). Rules
with high 7z« values receive lower weights through the factor
(Wt — w}. This means that uncertain evidence is suppressed
during the inference process. The regions in which SHAP’s
linear approximation produces its largest errors are precisely
these high-uncertainty regions. The weighting mechanism in-
troduced by IFS smooths the decision surface in those regions
and therefore reduces linear approximation error. The simul-
taneous improvement in both SHAP and LIME infidelity indi-
cates that this gain is not a property of a specific explanation
method, but rather of the model structure itself.
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FIGURE 2. Mean |SHAP| values for each feature (Cleveland dot plot).
Filled circles: IFS; open circles: Type-1. Rankings are identical across
both systems.

4.3. Feature importance concordance

To show that the improvement in explanation fidelity is not
driven by a change in feature-importance ordering, the mean
|[SHAP]| values obtained from the two systems are compared
separately in this subsection.

The mean |SHAP| values displayed as a Cleveland dot plot
in Figure 2 reveal identical feature rankings in both systems.
Glucose ranks first, followed by BMI and then Age. This is
fully consistent with clinical expectations [14].

In the Cleveland dot plot shown in Figure 2, the IFS point
(filled circle) for each feature is located either to the left of or
very close to the Type-1 point (open circle). This observation
indicates that the fidelity gain documented under H2 does not
arise from a reordering of feature importance. The same fea-
tures remain important in both systems. Once = is introduced,
the only aspect that changes is the fidelity with which the at-
tributions assigned to those features reflect the model’s actual
behaviour.

5. A Geometric Account of Fidelity Improvement

5.1. Connecting H1 and H2

In this subsection, the findings for H1 and H2 are consid-
ered jointly in order to discuss, in an integrated manner, how
the hesitation degree influences both the decision surface and
explanation fidelity.

The findings obtained from H1 and H2 support one another.
H1 showed that z is statistically associated with predictive un-
certainty (Figure 1). H2 demonstrated that this relationship
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FIGURE 3. Explanation quality metrics under ceteris paribus conditions.
Filled circles: IFS; open circles: Type-1. Percentage deltas are shown
above each connector. Lower is better for infidelity and sensitivity; higher
is better for stability.

translates into a measurable improvement in explanation fi-
delity (Figure 3). Both results were obtained without changing
a single class label. The proposed mechanism is geometric in
nature. Equation (7) assigns lower weight to rules with high
hesitation. This operation smooths the decision surface in un-
certain regions. Since SHAP fits a local hyperplane, a smoother
target surface implies a smaller approximation error and there-
fore lower infidelity.

One situation in which =z falls short should nevertheless be
noted. In the regions where low scores were observed, the
Spearman correlation between 7 and LIME Jaccard stability
was only p = 0.187 (p = 0.19, n = 50 XAl evaluation in-
stances). Limiting the sample size to fifty was not an arbitrary
choice. Computing Jaccard stability required repeated LIME
runs for each instance, and within our shared-resource ceteris
paribus design, this made a larger evaluation practically infea-
sible. Fifty instances therefore represented the upper limit of
what could be implemented. For this reason, a Type Il error
remains a genuine possibility.

Even so, the absence of statistical significance is not theo-
retically surprising. Infidelity measures how closely a linear
approximation follows the model’s local gradient, and this is
a property of decision-surface geometry. Jaccard stability, by
contrast, reflects how reproducibly LIME selects the same fea-
tures across independent perturbation draws. This is a property
of sampling variance. The geometric smoothing introduced by
7 through equation (7) should, by its nature, improve the for-
mer. However, it does not provide a clear mechanism for re-
ducing the stochastic noise involved in the latter.

The WDBC result (p = -0.505, p = 1.8 x 1074) provides

a useful counterpoint to this interpretation. In a cleaner prob-
lem with a higher signal-to-noise ratio, the consistency-related



effect of = becomes visible. In Pima, by contrast, the decision
boundary is inherently noisier. The effect may still be present,
but it remains below the level that can be detected reliably with
fifty instances.

5.2. A note on selective classification

We also checked whether = could help with selective classi-
fication, where a model abstains on low-confidence inputs. A
paired t-test on the hesitation-based strategy returned t = 2.96,
p = 0.007 over 25 folds. This result is statistically significant,
but the practical magnitude is negligible (E-AURC difference
on the order of 1073). The product confidence strategy did not
even reach significance (p = 0.13).

This pattern may be regarded as informative rather than dis-
appointing. Selective classification asks whether the model
should refrain from borderline predictions. Explanation fidelity
asks whether the predictions that are made can be summarised
accurately. These are different questions. By construction, the
hesitation degree suppresses uncertain rules in the defuzzified
output (equation 7) without changing the sign of the output. For
this reason, it is reasonable to expect z to reshape the decision
surface, making it smoother and easier to approximate, without
substantially altering which instances fall above or below the
classification threshold. Rather than undermining the geomet-
ric mechanism proposed in Section 5.1, the selective classifica-
tion results are consistent with it. z acts on the surface, not on
the boundary.

5.3. Corroboration from WDBC

Does this pattern generalise? To examine this question,
the same preprocessing pipeline and parameter settings from
Pima were applied to the Wisconsin Diagnostic Breast Cancer
(WDBC) dataset [15]. This is a considerably easier problem,
with accuracy above 94 %. Despite the much smaller number of
errors, the hesitation signal remained intact: mincorrect = 0.402
VErSUS Zcorrect = 0.288 (Mann—Whitney p = 1.5 x 10772).
On WDBC, the Spearman correlation between z and Jaccard
stability was p = -0.505 (p = 1.8 x 1074). Here it is sig-
nificant where Pima fell short. Dataset characteristics therefore
appear to modulate how far the explanatory signal of = extends.
On WDBC, SHAP infidelity decreased by 46.3 % (IFS: 0.073,
Type-1: 0.135), approximately twice the reduction observed on
Pima. We reserve the full H2-equivalent analysis on WDBC
for a longer companion paper.

5.4. Limitations and future directions

This design has clear limitations that should be stated explic-
itly. Neither system was tuned for raw predictive accuracy. The
grid search targeted only the hesitation parameters, while all
shared components were left unchanged. A jointly optimised
IFS could plausibly improve both predictive accuracy and ex-
planation quality. However, disentangling the contribution of
« from the benefits of tuning would require a separate inves-
tigation, which we plan to pursue in future work. In prac-
tice, = could be displayed alongside SHAP waterfall plots in
a clinical dashboard, providing clinicians with a quick visual
cue about explanation reliability. No modification to the exist-
ing SHAP infrastructure would be required. A more ambitious
line of work would integrate z directly into the Shapley-value
framework by defining a hesitation-aware characteristic func-
tion. The empirical evidence presented here provides the nec-
essary foundation for such a step.

6. Conclusion

We compared an intuitionistic fuzzy inference system with
its Type-1 counterpart on the Pima diabetes dataset while hold-
ing every component constant except the hesitation degree.
Misclassified instances carried significantly higher = values,
confirming H1. The mathematical structure guarantees identi-
cal predictions, and all 3 840 test instances confirmed this prop-
erty. Nevertheless, the IFS reduced SHAP infidelity by 20.5 %
and LIME infidelity by 21.3 %, confirming H2.

The improvement observed on the WDBC dataset was even
more pronounced than on Pima. SHAP infidelity decreased by
46.3 %. The correlation between = and stability, which did
not reach statistical significance on Pima, was significant on
WDBC. Overall, = does not alter the predictions produced by
the model. However, it makes the explanations of those pre-
dictions substantially more faithful. This property represents a
worthwhile gain for clinical decision-support systems.
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