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Abstract:

In multivariate time series forecasting, prediction errors can
provide key information for both training and reasoning of the
model. Accurately modeling the correlation structure of errors
is critical for reliable uncertainty quantification. Existing mod-
eling approaches often assume independence across different di-
mensions of errors for simplicity. However, this assumption ig-
nores the cross-variable correlations in the multivariate time se-
ries, thereby seriously limiting the expressive capacity of uncer-
tainty modeling. In this paper, prediction errors are treated as
a random vector, and the impact of the correlation among these
components of the vector on prediction performance is examined
in formulation and experimentally. Furthermore, residual errors
are projected into a low-dimensional latent space for back prop-
agation to the decoder to avoid trivial solutions in the modeling
process. The experimental results show that explicitly consider-
ing and modeling the cross-variable correlation of errors can ef-
fectively improve the stochastic model’s performance, and map-
ping errors to a low-dimensional latent space avoids the problem
of trivial solutions problem to some extent and enhances model
stability.
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1. Introduction

Error modeling is crucial in statistical time series models.
When a model can utilize all the correlations between con-
secutive time steps determined by previous values, the error
is temporally uncorrelated. However, real-world data often vi-
olate this assumption, with errors exhibiting significant cross-
correlation [1, 2]. Prediction errors can not only reflect model

performance but also provide crucial guidance for model train-
ing, uncertainty estimation, and inference processes [3, 4]. Ac-
curate modeling of errors directly determines the reliability of
uncertainty quantification and the credibility of forecasting re-
sults, which is of critical importance in risk-aware scenarios
such as industrial monitoring, financial analysis, and intelligent
transportation.

In the field of error modeling for time series, the classic ap-
proaches generally assume that the error sequence follows a
correlated time process, such as the ARIMA model [5]. How-
ever, in the deep learning framework, in order to simplify com-
putational complexity, most deep learning probabilistic pre-
diction methods generally adopt a simplified assumption, i.e.,
the prediction errors in different channels are independent,
and even ignore the temporal correlation of the errors them-
selves [6].

To address this shortcoming, some existing studies have at-
tempted to model the temporal correlation of errors. Sun et
al. [7] considered the temporal autocorrelation of errors, jointly
learned the error autocorrelation coefficients with model pa-
rameters, and effectively improved the prediction performance
of the model; Zheng et al. [8] further adopted a matrix-variate
autoregressive (AR) model to characterize the errors. In addi-
tion, many researchers also have focused on the temporal cor-
relation of errors in the process of error modeling and proposed
corresponding improved methods [e.g., 9, 10, 11].

In multivariate time series forecasting, the forecast error of-
ten includes both temporal correlations and the correlations
among variables. Most existing methods focus only on the as-
sumption of temporal dependence of errors, while typically ig-
noring their spatial correlation(i.e.,cross-variable correlation).
That is, they assume that errors on different channels are inde-
pendent, or that errors are completely independent in temporal
and spatial, and use a diagonal covariance matrix for approx-



imate modeling the errors. In real-world multivariate time se-
ries, channel variables naturally exhibit dependencies, and ig-
noring statistical dependencies between variables may limit the
model’s ability to express and characterize uncertainty, thereby
reducing the accuracy of probabilistic predictions.

Based on the above-mentioned observations, this paper ad-
dresses the problem that most of existing methods generally
ignore the cross-variable correlation of errors and are difficult
to explore the cross-variable error dependence. By reasonably
setting the forecasting horizon H = 1 (i.e., one-step predic-
tion) in the experiment, this setting can effectively eliminate
the temporal dependence and specifically explore the impact of
cross-variable correlation of errors on multivariate time series
prediction, thus clarifies the role of cross-variable correlation in
error modeling. Meanwhile, for the trivial solution problem in
error modeling [12], this paper also conducts discussions and
experimental explorations. The main contributions of this pa-
per can be summarized as follows:

1. We focus on exploring the specific impact of the cross-
variable correlation of errors on the forecasting perfor-
mance of multivariate time series. The result shows that
leveraging cross-variable correlation of the model can im-
prove the predictive performance.

2. We further experimentally analyze the trivial solution
problem during the error modeling and demonstrate the
necessity of mapping errors to low-dimensional variables.

3. By designing targeted experiments and constructing spe-
cialized experimental datasets, our proposed methods and
core viewpoints have been fully validated.

The rest of this paper is organized as follows. Section 2 in-
troduces the related work, section 3 is the methodology, sec-
tion 4 provides an experimental validation, and section 5 gives
the conclusions.

2 Related Work

Error modeling has always been a core research topic in the
field of statistical time series analysis, and error correlation in
time series has been widely studied in statistics [13].

In univariate time series, traditional methods usually as-
sume that the prediction errors follow a stochastic process with
temporal dependence, a typical example being the ARIMA
model [5]. The Error Correction Model (ECM) [14] improves
prediction accuracy by modeling the first-order autocorrela-
tion of errors between predicted results and observed values.

DeepAR [6] models errors by assuming that errors are inde-
pendent over time during probabilistic prediction.

For multivariate time series prediction, most researches still
assumes that error variables are independent in the temporal di-
mension. Choi et al. [9] modeled error variables as a dynamic
mixture model of a zero-mean Gaussian distribution. Kim et
al. [15] designed a learning module to calibrate the model pre-
diction error, which takes the error and predicted value as input
to predict future residual. Jia et al. [16] suggested that there
is no reason to assume independence in the errors. Zheng et
al. [17] assumed that error terms follow a matrix AR process
with seasonal lags, further enhancing the ability to model the
temporal correlation of errors. In addition, Zheng et al. [2] con-
sidered the cross-variable correlation pattern of errors, but their
research focus is still on the modeling of temporal correlation,
without exploration of cross-variable correlation of errors.

Although all the above methods claim to achieve effective
modeling of errors, there are obvious limitations. Specifically,
in statistics, only the errors of well-trained models satisfy the
white noise assumption; however, current methods generally
fail to achieve this. Henaff et al. [12] proposed the error encod-
ing network (EEN), and their method employed a two-stage
training procedure. First, the model was trained and its predic-
tion errors were computed. Then, to avoid trivial solutions,
these errors were encoded into low-dimensional latent vari-
ables, and the model parameters were further optimized with
the aid of random variables. However, this method does not ex-
plicitly consider the statistical characteristics of errors, making
it difficult to give full play to the guiding role of error correla-
tion in model optimization.

In summary, there are still significant deficiencies in exist-
ing research on the correlation of time series prediction errors.
This paper focuses on the correlation modeling of statistical er-
rors, clearly characterizes the error distribution characteristics,
explores the impact of cross-variable correlation of errors on
model prediction performance, and confirms the impact of low-
dimensional embedded variables on error coding backpropaga-
tion.

3 Methodology

In this section, we give the formulation of the time series
forecasting problem, and then propose our method for model-
ing errors.

3.1 Problem formulation

Time series forecasting uses probabilistic and statistical
methods to process a sequence of random vectors, and its



essence lies in analyzing the observations of these random vec-
tors (i.e., real-valued vector sequences). This type of mod-
eling and analysis task based on observational data has been
widely applied in many fields such as finance, medicine, and
bio-informatics [e.g., 18, 19] after the data are transferred into
the sequences.

The objective of the forecasting problem is to build an ef-
fective model which can accurately predict the values of the
(n + 1)th step (or more) based on the n historical observa-
tions of the series. Given a multivariate time series X =
{Z1,®2,...,zNn} € RPN representing the measurements
of D variables (or channels). We express the the forecasting
model Fy as

Vi =Fo(X) + et (D

where X; = Xy ry14 = {®i_141,...,2:} € RP*E and
yt = Yt+1:t+H = {mt+1, NN 7$t+H} € RDXH are the ¢-th
training sample and its corresponding target, respectively. L
represents the look-back window length, and H is the fore-
casting horizon length. The training samples (X3, V:),t =
1,2, -, nare constructed using a sliding window mechanism,
and X; and ) are temporally adjacent. ), = Fy (X;) repre-
sents the prediction output. 6 denotes the learnable parameters.
¢ = V¢ — Yy is the residual prediction error, which is usu-
ally considered as a set of realized values of the random vector
r € RP*H Tt is well acknowledged that &; is usually con-
sidered as a non-interpretable part of output with respect to ob-
served inputs which represents a type of irreducible noise with
respect to prediction tasks. This noise is regarded as a source
of uncertainty.

In multivariate time series forecasting, variables typically
exhibit both temporal correlation across time steps (i.e., lag-
covariance Cov(r; p—a,7ip) # 0,1 < h < H/1 < i <
DA =1,2,3,--- H — 1) and spatial correlations correlation
(i.e., cross-covariance Cov(r; p,7;n) # 0,1 < j < D,i # j
and cross-lag covariance Cov(r; ,—,7;5) # 0). For multi-
step prediction tasks I > 1, accurately and perfectly ac-
curate modeling the correlation of errors is highly complex.
Generally, researchers often made some assumptions, such as
Cov(rin—n,rin) = 0 [5, 6, 14], or only consider the impact
of errors when Cov(r; p—a, 7.5) # 02, 16, 17].

In this paper, we primarily analyze the impact of cross-
covariance Cov(r; »,7;n) 7 0 on error modeling. We set the
prediction horizon to H = 1 (i.e., single-step prediction) to fo-
cus on the statistical cross-variable correlation of errors. Then,
let » denote a D-dimensional random vector of the prediction
errors with its realization ; € R and suppose

r~N(0,%) )

a normal distribution with mean being zero vector 0 € R” and

covariance matrix ¥ € RP*D
Var(rq) Cov(ry,r2) Cov(ry,mp)
Cov(re,m1) Var(rs) Cov(re,rp)
Y= . . . 3
Cov(rp,r1) Cov(rp,rs) Var(rp)

where Cov(r;,r;), (1 <1,j < D) represents the covariance of
variables r; and ;. r; and r; are the -th and j-th component
of r, respectively. The error distribution Eq. (2) can be used to
retrain or calibrate Fy and improve prediction performance.

When H = 1, the temporal dependence of errors is naturally
eliminated, thus excluding the interference of temporal corre-
lations and allowing for a more accurate study of the impact
of cross-variable error correlations on model’s uncertainty and
prediction performance.

3.2 Error Encoding Network
We introduce a distribution-based Error Encoding Network

(dEEN) into Fy to model the error variable . The model ar-
chitecture used in this paper is shown in Figure. 1.
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FIGURE 1. The Model Architecture

In our study, the process of modeling the error variable r can
be classified into 3 steps. The 1st step is to choose an appro-
priate model Fy with &X; and ) as input and output, respec-
tively. In this paper, we select the Transformer [20] as the basic
deterministic model Fy since the Transformer has been well
known as one of the most powerful tools for handling sequence
learning. The deterministic model Fy is trained using (X%, );),
primarily through the following optimization objectives.

1L
min — ; L (Y, FolX))) “)



where L represents the loss function, n is the number of train-
ing samples. In this step, the model is deterministic (Z¢p,p =
0), and its main purpose is to minimize the training loss and
obtain the desired errors.

The 2nd step is to estimate the parameters of random vector
r defined in Eq.(3). The residual prediction error is computed
as:

e =Y-Vy t=1...,n 5)
Collectively, the residual
e=[e1,€2,--- ,€n] € RPX" (6)
The parameters of r are estimated as:
1~ () .
Mi:—th MZ:152>"'aD (7)
"=
1 n i .
Cov(r,r;) = /1 (51(5 )~ ﬂz‘) e — )T ®
t=1

where p; and Cov(r;,r;) are the element of the vector p and
covariance matrix X. Then, we can obtain a input €} of dEEN,
and g} is a realization from the random vector N (p, ).

The 3rd step is to adjust the model parameters obtained on
Step 1 together with the random vector r estimated in step 2.
We enlarge the training set (X3, ;) into ((Xy, r),):) and de-
note the stochastic model by Fy ,(-) where the newly added
parameter vector ¢ is from the network of encoding residual r,
and Z.,,, = Z. Then, we try to tune the parameters 6 to solve
the following stochastic optimization problem

1 n
meinggﬁ(%,fe,d/"tﬂ“)) ©)

where r is the random vector defined in Eq.(3) and the other
symbols have the same meaning as Eq.(4).

The Eq.(9) introduces two additional terms, i.e., the random
vector of errors r and parameters ¢ of the dEEN, and the uncer-
tainty caused by the error is incorporated into the optimization
problem. Introducing the uncertainty information from 7 can
enable the model to calibrate its outputs based on the correct
pattern while simultaneously adjusting the decoder to propa-
gate uncertainty information.

Here, we list two of our remarks about the model.

(1) For simplicity, when modeling error covariance in most
research, it is common to assume Cov(r;,r;) = 0 which is
a popular approach when H > 1; and under this assump-
tion, the covariance matrix takes the diagonal form ¥ =

diag(Var(ry), Var(rs), - - -, Var(rp)). This paper explores the
impact of two different forms (the diagonal covariance matrix
and non-diagonal covariance matrix) on model performance.
We hypothesize that using the non-diagonal covariance matrix
to model the error might better improve model’s performance.
It may be because most cases of practice exhibit corrections
among both time steps and variables, and the diagonal variance
matrix is a special case of a general positive definite matrix.

(2). It is important to note that Henaff et.al [12] pointed out
that Z needs to be designed as a low-dimensional latent vari-
able to prevent the network from learning trivial solutions. The
trivial mapping of dEEN means that the network can easily re-
cover the target output by canceling the encoder representation
without learning any meaningful structure of the prediction er-
ror. The trivial solution may lead to the failure of error model-
ing, and the model performance can not be improved.

4 Experiments

In this section, we conduct some experiments to verify our
conclusions. We generate synthetic multivariate time series
datasets and compare the effects of two types of covariance
structures on error modeling. In addition, we discuss the prob-
lem of trivial solutions in the model.

4.1 Datasets Generation

We construct a function to generate a synthetic dataset,
which is shown as:

yt :St+nt7 (10)

where s, € RP denotes the deterministic component, D is the
number of channels, and 7, ~ N (0, X,) is a Gaussian white-
noise vector. For simplicity, 33, is a diagonal matrix, and the
same variance o is assigned to each diagonal entry.

si=C [sin (%; +0.3(d - 1)) +0.5cos (4”; - D)]

where C € RP*P denotes a coupling matrix that introduces
weak cross-variable dependencies into S;; p = 24 represents
the hourly periodic patterns. The numbers 0.3(d—1) and (d—1)
ensure that there are distinct dynamic characteristics for differ-
ent channels.

We generated three synthetic datasets with different noise
variance assumptions, as follows:

0?2 €{0.1,0.3,0.5} (12)



For each variance, a D-dimensional time series of length N is
simulated, a larger o indicates that more noise is introduced
into the data. Based on our previous results, the dEEN typi-
cally performs well when the noise variance o> < 0.5. These
synthetic datasets provide a hypothetical environment for our
experimental exploration.

4.2 Experimental Details

This section details the experimental setup, including dataset
splitting, comparison models, and training configuration.
Specifically, we generated 5000 patterns (N = 5000) for the
experiment. The dataset is divided into three parts: training,
validation, and testing sets in chronological order with a split
ratio of 7 : 1 : 2. The input sequence length was L. = 96. To in-
vestigate the trivial solution problem, we first set the dimension
of the latent variable Z to 4. Subsequently, in the comparative
experiments, we adjust the dimension to be consistent with the
dimension of the Decoder input (Z = 96), so as to analyze the
impact of different latent space dimensions on the trivial solu-
tion problem. For model training, we use the Adam optimizer,
the initial learning rate is 10~%, and the batch size is 32. The
patience for early stopping to prevent overfitting is 10 . All ex-
periments are performed on an NVIDIA V100 32GB GPU. The
mean squared error (MSE) and mean absolute error (MAE) are
adopted as basic metrics to assess the model’s prediction per-
formance.

4.3 Experimental Results

This section analyzes the proposed method experimentally
from two perspectives: the impact of cross-variable correlation
of errors and the exploration of trivial solutions.

After training the stochastic model, by fixing the model pa-
rameters and performing multiple independent inferences on
some input sample, the stochastic model can conduct multi-
ple prediction results, and we report the average MSE/MAE
over 100 times independent testing. The results are shown in
Table 1. Here, Z = 96 indicates that the dimension of the
latent space Z is the same as the dimension of the Decoder’s
input, and Z = 4 indicates a low-dimensional latent variable
space; “independent” assumes that the variables of erros are
independent, i.e., the covariance matrix Cov(r;, rj) = 0 (the
covariance matrix is a diagonal matrix). “Correlated” refers to
considering the cross-variable correlation, i.e., the covariance
matrix Cov(r;, ;) # 0 (the covariance matrix is non-diagonal
form).

First, we discuss the problem of trivial solutions regarding
the model. As shown in Table 1, when Z = 96, we can see that

TABLE 1. Experimental results on the Transformer under different error
modeling configurations.

Stochastic model

Deterministic

Synthetic model Z = 96 Z =4

Datasets Independent Independent Correlated
MSE MAE MSE MAE MSE MAE MSE MAE

02 =0.1 0158 0317 0.55 0318 0.153 0312 0152 0311

0 =03 0372 0487 0364 0484 0362 0482 0.362 0.481

o 0.5 0.531 0583 0.532 0.583 0530 0.582 0.529 0.580

the model’s prediction performance is worse than the scenario
of Z = 4. When Z = 96, the MSE is 0.532 and MAE is 0.583
in 02 = 0.5, while the MSE drops to 0.530 in the scenario
of Z = 4. This phenomenon confirms that experimentally,
to some extent, when the latent space dimension is the same
as the Decoder’s input dimension, the model may learn trivial
solution which leads to a decrease in prediction performance.
While constraining the latent space dimension to a low dimen-
sion can effectively avoid the trivial solution problem, allow-
ing the model to focus more on learning the statistical charac-
teristics of errors, thereby improving prediction performance.
Furthermore, at different noise levels (62 = 0.1, ¢2 = 0.3,
0% = 0.5), the prediction performance of the Z = 4 is better
than that of the Z = 96, indicating that reasonably constrain-
ing the latent space dimension can effectively avoid the trivial
solutions and improve model stability, which is perfectly con-
sistent with the conclusion proposed by Henaff et al. ([12]) that
“low-dimensional latent spaces can avoid trivial solutions”.

Then, we explore the impact of cross-variable correlation
of errors on model’s performance. It can be seen that, under
the same latent space dimension (Z = 4), considering cross-
variable correlation can significantly improve the model’s per-
formance. The overall trend shows stable optimization under
different noise levels, which illustrates the importance of cross-
variable correlation of errors. Ignoring this correlation (using
a diagonal covariance matrix) may lead to the loss of statisti-
cal dependence information between variables, resulting in an
inaccurate representation of the error’s distribution. Explicitly
considering the cross-variable correlation of errors (using the
non-diagonal covariance matrix) can more realistically capture
the statistical characteristics of errors, thereby further improv-
ing the model’s predictive performance.

In summary, our experiments partially demonstrate that map-
ping Z to the dimension of the decoder input may lead to a
decrease in model performance, and explicitly modeling the
cross-variable correlation of errors can improve model perfor-
mance. Furthermore, as the noise level o2 increases, both MSE
and MAE show an upward trend, which is consistent with ex-
perimental expectations—the greater the noise, the more diffi-



cult the prediction becomes, and the greater the error. Besides,
the method proposed in this paper is effective at the noise level
given in Eq.(12), proving the stability of the method.

5. Conclusions

This paper focuses on error modeling in multivariate time
series forecasting, specifically exploring the impact of cross-
variable correlations of errors and trivial solutions on error
modeling. Experimental results show that mapping errors to
a low-dimensional space can effectively avoid the trivial solu-
tion problem and further enhance the model’s stability. Explic-
itly considering the cross-variable correlation among the errors
can optimize the model’s representation of the error distribu-
tion and further improve prediction performance. Furthermore,
the performance of the stochastic model outperforms the deter-
ministic model, and the proposed method demonstrates stabil-
ity under different noise levels, validating the effectiveness and
practicality, and providing a reference for subsequent research
on multivariate time series error modeling.
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